In this note I want to expose a proof of the following theorem.
Theorem. Let 𝐷 be a period domain of a complex Hodge structure. Then
the holomorphic sectional curvature (with respect to the invariant metric) of
any horizontal tangent vector is bounded from above by a positive constant.
The proof presented here is, in my opinion, much easier than the proofs
that appeared in the literature. It is based on the calculation of the curvatures of Hodge bundles.
1. The curvature of Hodge bundles. Let 𝑀 be a complex manifold
that admits a complex variation of Hodge structure (H, 𝐹 • (H), 𝑆, ∇) of weight
0. Then the associated Hodge bundle is the graded Higgs bundle (ℰ =
⨁𝑝 ℰ𝑝 , 𝜃), where ℰ𝑝 = 𝐹 𝑝 H/𝐹 𝑝+1 H, and the Higgs field 𝜃 ∶ ℰ𝑝 → Ω1𝑀 ⊗
ℰ𝑝−1 is induced by the second fundamental form of the connection ∇ (thanks
to the infinitesimal period relation). The sesquilinear form 𝑆 induces a positive definite Hermitian metric ⨁𝑝 (−1)𝑝 𝑆 on ℰ (the second Hodge-Riemann
bilinear relation), and is called the Hodge metric on ℰ.
Using the method from Hermitian differential geometry, and the flatness
of ∇, one can calculate the curvature of the Hodge bundle. On the direct
summand ℰ, for any (1, 0) vector fields 𝑢, 𝑣 on 𝑀 and any sections 𝑒, 𝑒′ of
ℰ𝑝 , we have
(†)

⟨Θ(𝑢, 𝑣)𝑒, 𝑒′ ⟩𝑝 = ⟨𝜃𝑢𝑝 𝑒, 𝜃𝑣𝑝 𝑒′ ⟩𝑝−1 − ⟨(𝜃𝑢𝑝+1 )∗ 𝑒, (𝜃𝑣𝑝+1 )∗ 𝑒′ ⟩𝑝+1 .

Here Θ is the curvature operator, 𝜃 ∗ is the metric adjoint of the Higgs field,
and ⟨•, •⟩𝑝 is the Hodge metric restricting to ℰ𝑝 .
We shall not present the proof of this, as it is exposed in perfectly in
Schmid (1973) “Variation of Hodge structure: the singularities of the period
mapping”. Invent. Math., 22, 211–319.
2. The curvature of the horizontal tangent bundle. The above result allows us to calculate the holomorphic sectional curvature of the horizontal subbundle 𝑇 ℎ (𝐷) of the period domain. Let
(𝐻, 𝐹 𝑝 (𝐻), 𝑆)
be a complex Hodge structure. Then we use:
⋄ 𝐺0 to denote the real Lie group consisting complex linear transformations on 𝐻 that preserves the sesquilinear form 𝑆;
⋄ 𝑉 to denote the subgroup of 𝐺0 consisting elements preserving the
Hodge flag. Then 𝐷 = 𝐺0 /𝑉 is the period domain attached the
Hodge structure 𝐻.
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Since 𝑉 preserves the Hodge filtration and the sesquilinear form, it preserves the conjugate Hodge filtration, hence the Hodge decomposition As in
the real case, we denote the Weil operator of the referencing Hodge structure 𝐻 by 𝐶. Then 𝐶 ∈ 𝐺0 and elements in 𝑉 commute with 𝐶. Since 𝐶 is a
scalar multiplication on each Hodge piece, 𝑉 preserves the Hermitian inner
product, hence is compact.
The proof of the theorem is proceeded in steps. The verification of each
step is routine, so we omitted most of them.
(1) The complexification 𝐺 of 𝐺0 is a semisimple complex Lie group. The Lie
algebra 𝔤 of 𝐺 is a real Hodge structure, polarized by the Killing form
−Tr(𝑋𝑌 ), and whose Weil operator is Ad(𝐶).
(2) Denote 𝐵 by the parabolic subgroup of 𝐺0 preserving the Hodge flag
𝐹 • (𝐻), then 𝐷∨ = 𝐺0 /𝐵 is a complex projective manifold. In this case
the inclusion 𝐷 → 𝐷∨ is an open immersion.
(3) The action of 𝐵 on 𝐺 × 𝔤 defined by
(𝑔, 𝑋) ↦ (𝑔ℎ, Ad(ℎ)−1 𝑋)
descends the trivial bundle 𝐺 × 𝔤 to a trivial bundle ℱ on 𝐷, and descends to trivial bundles 𝐹 𝑝 𝔤 to possibly nontrivial subbundles ℱ𝑝 of
ℱ = ℱ−∞ .
(4) Since 𝐷 is a homogeneous 𝐺0 -space, the infinitesimal left translation
defines a mapping of vector bundles
𝜑 ∶ ℱ → 𝑇(𝐷),

𝑋 ↦ 𝑋 +.

Here 𝑋 + is defined by
+ (𝑓 ) =
𝑋𝑔𝑉

𝑑𝑓 (exp(𝑡𝑋)𝑔𝑉)
∣𝑡=0 .
𝑑𝑡

Inspection at the origin shows that 𝜑 induces an isomorphism
ℱ/ℱ0 → 𝑇(𝐷)
and an identification
ℱ−1 /ℱ0 → 𝑇 ℎ (𝐷).
(5) Letting 𝐺 acting on ℱ by the adjoint action, then mapping 𝜑 is equivalent with respect to the action of 𝐺.
(6) Consider the Hodge-Killing metric on ℱ defined by
(𝑋, 𝑌 ) ↦ −Tr(Ad(𝑔𝐶𝑔−1 )(𝑋)𝑌 )
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at the fiber ℱ𝑔𝑉 , then one shows that the Hodge-Killing metric is invariant under the action of 𝐺0 . Therefore, it transports to the 𝐺0 -invariant
metric under the isomorphism 𝜑.
(7) Let 𝑋 be a horizontal tangent vector at the referencing point 𝑒𝑉 of 𝐷.
We need to prove that
⟨Θ(𝑋, 𝑋)𝑋, 𝑋⟩ < 0.
But because of the horizontality of 𝑋, the bundle ℱ𝑝 defines a variation
of Hodge structure on any integral curve of 𝑋, we can appeal the formula (†). But there one can perform an explicit computation, utilizing
∇𝑋 (𝑌 ) = [𝑋, 𝑌 ], using that [𝑋, 𝑋] = 0, we see the eventual result is
−⟨[𝑋, 𝑋], [𝑋, 𝑋]⟩ < 0.
Let me justify the fact on connection used in point (7). Say 𝑋 ∈ 𝔤−1,1 is a
horizontal tangent vector, then 𝑋⟨𝑌 , 𝑍⟩ may be calculated as the derivative
of
Tr(exp(𝑡𝑋)𝐶 exp(−𝑡𝑋)𝑌 exp(−𝑡𝑋)𝐶−1 exp(𝑡𝑋)𝑍,
which equals
Tr(𝐶[𝑋, 𝑌 ]𝐶−1 𝑍) + Tr(𝐶𝑌 𝐶−1 [𝑋, 𝑍]).
Thus we must have 𝜃𝑋 (𝑌 ) = [𝑋, 𝑌 ].

