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0.1. The problem. Let X be a complex manifold. Let D be a nonsingular Cartier
divisor on X defined by a holomorphic function 𝑓 ∶ X → C. Then we have the nearby
cycle functor

RΨ𝑓 ∶ Db(CX D) → Db(CD).
It turns out that this functor depends on the choice of the defining function 𝑓 of D.

For a different defining function 𝑔, it could happen that

RΨ𝑔(K) ≠ RΨ𝑓(K) in Db(CD), for some K ∈ Db(CX D).

Example (El Zein–Lê–Migliorini). Consider X = C𝑧 ×C∗
𝑤, 𝑓(𝑧, 𝑤) = 𝑧, 𝑔(𝑧, 𝑤) = 𝑧𝑤−1,

with D = {𝑧 = 0}. Let L be any local system on C∗
𝑧. Let K = 𝑓∗L. Then RΨ𝑓(K) is a

trivial local system on D ≃ C∗, while RΨ𝑔(K) is not a trivial local system.

0.2. Verdier’s functor. The example is best understood from the point of view of
Verdier’s specialization functor. Let us briefly recall the definition. Let X be a complex
manifold, and Z a closed submanifold. Let 𝑐 ∶ X̃ → A1,an be the deformation to the
normal bundle of Z. Thus 𝑐−1({0}) is a copy of the normal bundle TZX of Z, and
𝑐−1({𝑡}) ≃ X whenever 𝑡 ≠ 0. Let 𝑝 ∶ X̃ 𝑐−1{0} ≃ X × C∗ → X be the natural
projection.

Then the specialization of a complex K ∈ Db(CX) is defined via a nearby cycle functor:

𝜈Z(K) = RΨ𝑐(𝑝−1K) ∈ Db(CTZX).

Assume now Z is a smooth principal divisor defined by a function 𝑓 . Then the
differential d𝑓 defines a fiberwise linear function 𝑓 ′ on the normal bundle. Since the
fibers are one-dimensional, and since Z is nonsingular, 𝑓 ′ is an isomorphism on each
fiber. In particular, the locus 𝑓 ′ = 1 defines a section of Z in TZX:

𝑠𝑓 ∶ Z → TZX, 𝑥 ↦ (𝑥, 𝜉) such that 𝑓 ′(𝑥, 𝜉) = 1.

Now we can give Verdier’s characterization of the nearby cycle functor.

Theorem (Verdier). In the situation above, RΨ𝑓(K) = 𝑠−1
𝑓 𝜈Z(K).

See the property SP6 mentioned in §§8, 9 of Verdier’s article. We remark that the
superscript P in Verdier’s article stands for “moderate nearby cycle”, which can be
ignored in the present topological context. Verdier’s theory is the complex analytic/ℓ-
adic analogue of the microlocal theory of Kashiwara–Schapira.
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0.3. Back to the example. We can now prove the assertions made in the example
of §0.1. First, this is a linear situation, which means that the normal bundle TDX is
isomorphic to X: we can view the point (𝑧, 𝑤) of X as a normal vector of 𝑤 ∈ D. It
follows that the specialization 𝜈D(K) is still the complex K.

The function 𝑓 induces a fiberwise linear map 𝑓 ′ ∶ TDX → C which sends (𝜉, 𝑤) to 𝜉;
while 𝑔 induces 𝑔′ ∶ (𝜉, 𝑤) ↦ 𝜉/𝑤. These two fiberwise linear functions induce sections

𝑠𝑓 ∶ D → {𝑓 ′ = 1} and 𝑠𝑔 ∶ D → {𝑔′ = 1}
of the normal bundle projection 𝜋 ∶ TDX → D, as shown in the picture below.

𝑤

𝑧 (also 𝜉) 𝑠𝑔

𝑠𝑓

By Verdier’s characterization of the nearby cycle functor,

RΨ𝑓(K) = 𝑠−1
𝑓 K, RΨ𝑔(K) = 𝑠−1

𝑔 K.
In the diagram, the local system K is trivial in the horizontal direction (where 𝑧 is
constant), thus RΨ𝑓(K) is trivial. But K is nontrivial in the vertical directions (hence
nontrivial in the non-horizontal directions). The restriction of K to 𝑠𝑔(D) is thus iso-
morphic to L, which is nontrivial.
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